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We consider some classes of solutions of the static, spherically symmetric gravitational field equa-
tions in the vacuum in the brane world scenario, in which our Universe is a three-brane embedded
in a higher dimensional space-time. The vacuum field equations on the brane are reduced to a
system of two ordinary differential equations, which describe all the geometric properties of the
vacuum as functions of the dark pressure and dark radiation terms (the projections of the Weyl
curvature of the bulk, generating non-local brane stresses). Several classes of exact solutions of the
vacuum gravitational field equations on the brane are derived. In the particular case of a vanishing
dark pressure the integration of the field equations can be reduced to the integration of an Abel
type equation. A perturbative procedure, based on the iterative solution of an integral equation, is
also developed for this case. Brane vacuums with particular symmetries are investigated by using
Lie group techniques. In the case of a static vacuum brane admitting a one-parameter group of
conformal motions the exact solution of the field equations can be found, with the functional form
of the dark radiation and pressure terms uniquely fixed by the symmetry. The requirement of the
invariance of the field equations with respect to the quasi-homologous group of transformations also
imposes a unique, linear proportionality relation between the dark energy and dark pressure. A
homology theorem for the static, spherically symmetric gravitational field equations in the vacuum
on the brane is also proven.
PACS numbers: 04.50.+h, 04.20.Jb, 04.20.Cv
I. INTRODUCTION
The idea, proposed in [1], that our four-dimensional Universe might be a three-brane, embedded in a five-dimensional
space-time (the bulk), has attracted a considerable interest in the past few years. According to the brane-world
scenario, the physical fields (electromagnetic, Yang-Mills etc.) in our four-dimensional Universe are confined to the
three brane. These fields are assumed to arise as fluctuations of branes in string theories. Only gravity can freely
propagate in both the brane and bulk space-times, with the gravitational self-couplings not significantly modified.
This model originated from the study of a single 3-brane embedded in five dimensions, with the 5D metric given
by ds2 = e−f(y)ηµνdx
µdxν + dy2, which, due to the appearance of the warp factor, could produce a large hierarchy
between the scale of particle physics and gravity. Even if the fifth dimension is uncompactified, standard 4D gravity is
reproduced on the brane. Hence this model allows the presence of large, or even infinite non-compact extra dimensions.
Our brane is identified to a domain wall in a 5-dimensional anti-de Sitter space-time.
The Randall-Sundrum model was inspired by superstring theory. The ten-dimensional E8 × E8 heterotic string
theory, which contains the standard model of elementary particle, could be a promising candidate for the description
of the real Universe. This theory is connected with an eleven-dimensional theory, the M -theory, compactified on the
orbifold R10 × S1/Z2 [2]. In this model we have two separated ten-dimensional manifolds. For a review of dynamics
and geometry of brane Universes see [3].
Due to the correction terms coming from the extra dimensions, significant deviations from the Einstein theory occur
in brane world models at very high energies [4], [5]. Gravity is largely modified at the electro-weak scale 1 TeV. The
cosmological implications of the brane world theories have been extensively investigated in the physical literature [6].
Gravitational collapse can also produce high energies, with the five dimensional effects playing an important role in
the formation of black holes [7].
For standard general relativistic spherical compact objects the exterior space-time is described by the Schwarzschild
metric. In the five dimensional brane world models, the high energy corrections to the energy density, together with
the Weyl stresses from bulk gravitons, imply that on the brane the exterior metric of a static star is no longer the
Schwarzschild metric [8]. The presence of the Weyl stresses also means that the matching conditions do not have a
unique solution on the brane; the knowledge of the five-dimensional Weyl tensor is needed as a minimum condition for
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2uniqueness. Static, spherically symmetric exterior vacuum solutions of the brane world models have been proposed
first by Dadhich et al. [8] and Germani and Maartens [9]. The first of these solutions, obtained in [8], has the
mathematical form of the Reissner-Nordstrom solution, in which a tidal Weyl parameter plays the role of the electric
charge of the general relativistic solution. The solution has been obtained by imposing the null energy condition
on the 3-brane for a bulk having non zero Weyl curvature. The solution can be matched to the interior solution
corresponding to a constant density brane world star. A second exterior solution, which also matches a constant
density interior, has been derived in [9].
Two families of analytic solutions of the spherically symmetric vacuum brane world model equations (with gtt 6=
−1/grr), parameterized by the ADM mass and a PPN parameter β have been obtained by Casadio, Fabri and
Mazzacurati [10]. Non-singular black-hole solutions in the brane world model have been considered in [11], by relaxing
the condition of the zero scalar curvature but retaining the null energy condition. The “on brane” 4-dimensional Gauss
and Codazzi equations for an arbitrary static spherically symmetric star in a Randall–Sundrum type II brane world
have been completely solved by Visser and Wiltshire [12]. The on-brane boundary can be used to determine the full
5-dimensional space-time geometry. The procedure can be generalized to solid objects such as planets. A method
to extend into the bulk asymptotically flat static spherically symmetric brane-world metrics has been proposed by
Casadio and Mazzacurati [13]. The exact integration of the field equations along the fifth coordinate was done by
using the multipole (1/r) expansion. The results show that the shape of the horizon of the brane black hole solutions
is very likely a flat “pancake” for astrophysical sources.
Stellar structure in brane worlds is very different from that in ordinary general relativity. An exact interior uniform-
density stellar solution on the brane has been found in [9]. In this model the general relativistic upper bound for the
mass-radius ratio, M/R < 4/9, is reduced by 5-dimensional high-energy effects. The existence of brane world neutron
stars leads to a constraint on the brane tension, which is stronger than the big-bang nucleosynthesis constraint, but
weaker than the Newton-law experimental constraints [9].
It is the purpose of the present paper to systematically consider spherically symmetric space-times in vacuum on
the brane. As a first step we derive the two basic ordinary differential equations for the dark radiation and dark
pressure, describing the geometry of the vacuum on the brane. By means of some appropriate transformations these
equations take the form of an autonomous system of two ordinary differential equations. Some simple integrability
cases are considered, leading to some already known or new vacuum solutions on the brane. The very important
case corresponding to a vanishing dark pressure term is considered in detail. The integration of the gravitational field
equations in the vacuum on the brane is reduced to the integration of an Abel type equation. Since this equation
does not satisfy the known integrability conditions, the solution is obtained in terms of perturbative series obtained
by solving the integral equation associated to this problem.
Next we consider vacuum space-times on the brane that are related to some particular Lie groups of transformations.
As a first group of admissible transformations for the vacuum on the brane we shall consider spherically symmetric
and static solutions of the gravitational field equations that admits a one-parameter group of conformal motions,
i.e., the metric tensor gµν has the property Lξgµν = φ (r) gµν , where the left-hand side is the Lie derivative of the
metric tensor, describing the gravitational field on the vacuum brane, with respect to the vector field ξµ, and φ is an
arbitrary function of the radial coordinate r. With this assumption the gravitational field equations describing the
static vacuum brane can be integrated in Schwarzschild coordinates, and an exact simple solution, corresponding to
a brane admitting a one-parameter group of motions can be obtained.
Suppose that from some static, spherically symmetric solution of the vacuum gravitational field equations on
the brane we have obtained we want to construct other physical solutions of the field equations by means of scale
transformations. The process of constructing a new physical model by applying scale changes to the given initial model
is referred to as a ”homology transformation” [14]. The homology properties of stars have been intensively investigated
in astrophysics and families of stars constructed in such a way from a given star are called homologous stars. For
Newtonian homologous stars in equilibrium the individual members are related to each other by transformations of
the form r → r¯ = ar, ρ → ρ¯ = bρ and M → M¯ = cM , with a, b, c constants. Chandrasekhar [14] refers to this
change of scale as a ”homologous transformation”, and the homology theorem of Chandrasekhar [14] states that if
θ (ξ) is a solution of the stellar structure equations then so is C2/(n−1)θ (Cξ) also, where C is an arbitrary constant
and 1 < n ≤ 5. By analyzing the homology transformation properties of the gravitational field equations on the static
vacuum brane, by using Lie group theory techniques, we shall show that the requirement of the invariance of the field
equations with respect to an infinitesimal generator X fixes in an unique way the relation between the dark pressure
and the dark radiation terms. We also prove the homology theorem for the gravitational field equations in vacuum
on the brane.
The present paper is organized as follows. The basic equations describing the spherically symmetric gravitational
field equations in the vacuum on the brane are derived in Section II. Some particular classes of solutions for vacuum
branes are obtained in Section III. In Section IV we consider vacuum brane space-times admitting a one parameter
group of conformal motions. Homology properties of the gravitational field equations are investigated in Section V.
3We conclude and discuss our results in Section VI.
II. STATIC, SPHERICALLY SYMMETRIC VACUUM FIELD EQUATIONS ON THE BRANE
On the 5-dimensional space-time (the bulk), with the negative vacuum energy Λ5 and brane energy-momentum as
source of the gravitational field, the Einstein field equations are given by
GIJ = k
2
5TIJ , TIJ = −Λ5gIJ + δ(Y )
[−λbgIJ + TmatterIJ ] , (1)
with λb the vacuum energy on the brane and k
2
5 = 8piG5. In this space-time a brane is a fixed point of the Z2
symmetry. In the following capital Latin indices run in the range 0, ..., 4, while Greek indices take the values 0, ..., 3.
Assuming a metric of the form ds2 = (nInJ + gIJ)dx
IdxJ , with nIdx
I = dχ the unit normal to the χ =constant
hypersurfaces and gIJ the induced metric on χ =constant hypersurfaces, the effective four-dimensional gravitational
equations on the brane (the Gauss equation), take the form [4, 5]:
Gµν = −Λgµν + k24Tµν + k45Sµν − Eµν , (2)
where Sµν is the local quadratic energy-momentum correction
Sµν =
1
12
TTµν − 1
4
Tµ
αTνα +
1
24
gµν
(
3TαβTαβ − T 2
)
, (3)
and Eµν is the non-local effect from the free bulk gravitational field, the transmitted projection of the bulk Weyl
tensor CIAJB, EIJ = CIAJBn
AnB, with the property EIJ → EµνδµI δνJ as χ→ 0. We have also denoted k24 = 8piG,
with G the usual four-dimensional gravitational constant.
The four-dimensional cosmological constant, Λ, and the four-dimensional coupling constant, k4, are given by Λ =
k25
(
Λ5 + k
2
5λ
2
b/6
)
/2 and k24 = k
4
5λb/6, respectively. In the limit λ
−1
b → 0 we recover standard general relativity.
The Einstein equation in the bulk and the Codazzi equation also imply the conservation of the energy-momentum
tensor of the matter on the brane, DνTµ
ν = 0, where Dν denotes the brane covariant derivative. Moreover, from
the contracted Bianchi identities on the brane it follows that the projected Weyl tensor should obey the constraint
DνEµ
ν = k45DνSµ
ν .
The symmetry properties of Eµν imply that in general we can decompose it irreducibly with respect to a chosen
4-velocity field uµ as [3]
Eµν = −k4
[
U
(
uµuν +
1
3
hµν
)
+ Pµν + 2Q(µuν)
]
, (4)
where k = k5/k4, hµν = gµν + uµuν projects orthogonal to u
µ, the ”dark radiation” term U = −k4Eµνuµuν is a
scalar, Qµ = k
4hαµEαβ a spatial vector and Pµν = −k4
[
h(µ
αhν)
β − 13hµνhαβ
]
Eαβ a spatial, symmetric and trace-free
tensor.
In the case of the vacuum state with ρ = p = 0, Tµν ≡ 0 and consequently Sµν = 0. Therefore, by neglecting the
effect of the cosmological constant, the field equations describing a static brane take the form
Rµν = −Eµν , (5)
with Rµµ = 0 = E
µ
µ . In the vacuum case Eµν satisfies the constraint DνEµ
ν = 0. In an inertial frame at any point on
the brane we have uµ = δµ0 and hµν =diag(0, 1, 1, 1). In a static vacuum Qµ = 0 and the constraint for Eµν takes the
form
1
3
DµU +
4
3
UAµ +D
νPµν +A
νPµν = 0, (6)
where Dµ is the projection (orthogonal to u
µ) of the covariant derivative and Aµ = u
νDνuµ is the 4-acceleration. In
the static spherically symmetric case we may choose Aµ = A(r)rµ and Pµν = P (r)
(
rµrν − 13hµν
)
, where A(r) and
P (r) (the ”dark pressure”) are some scalar functions of the radial distance r, and rµ is a unit radial vector.
We chose the static spherically symmetric metric on the brane in the form
ds2 = −eν(r)dt2 + eλ(r)dr2 + r2 (dθ2 + sin2 θdφ2) . (7)
4Then the gravitational field equations and the effective energy-momentum tensor conservation equation in the
vacuum take the form
−e−λ
(
1
r2
− λ
′
r
)
+
1
r2
=
48piG
k4λb
U, (8)
e−λ
(
ν′
r
+
1
r2
)
− 1
r2
=
16piG
k4λb
(U + 2P ) , (9)
e−λ
(
ν′′ +
ν′2
2
+
ν′ − λ′
r
− ν
′λ′
2
)
=
32piG
k4λb
(U − P ) , (10)
ν′ = −U
′ + 2P ′
2U + P
− 6P
r (2U + P )
, (11)
where ′ = d/dr. Eq. (8) can immediately be integrated to give
e−λ = 1− C1
r
− Q (r)
r
, (12)
where C1 is an arbitrary constant of integration, and we denoted
Q (r) =
48piG
k4λb
∫
r2U (r) dr. (13)
The function Q is the gravitational mass corresponding to the dark radiation term (the dark mass). For U = 0 the
metric coefficient given by Eq. (12) must tend to the standard general relativistic Schwarzschild metric coefficient,
which gives C1 = 2GM , where M =constant is the mass of the gravitating body. In the following we also denote
α = 16piG/k4λb. By substituting ν
′ given by Eq. (11) into Eq. (9) and with the use of Eq. (12) we obtain the
following system of differential equations satisfied by the dark radiation term U , the dark pressure P and the dark
mass Q, describing the vacuum gravitational field, exterior to a massive body, in the brane world model:
dU
dr
= − (2U + P )
[
2GM +Q+ α (U + 2P ) r3
]
r2
(
1− 2GMr − Qr
) − 2dP
dr
− 6P
r
, (14)
dQ
dr
= 3αr2U. (15)
The system of equations (14) and (15) can be transformed to an autonomous system of differential equations by
means of the transformations
q =
2GM +Q
r
, µ = 3αr2U, p = 3αr2P, θ = ln r. (16)
With the use of the new variables given by Eqs. (16), Eqs. (14) and (15) become
dq
dθ
= µ− q, (17)
dµ
dθ
= − (2µ+ p)
[
q + 13 (µ+ 2p)
]
1− q − 2
dp
dθ
+ 2µ− 2p. (18)
Eqs. (14) and (15), or, equivalently, (17) and (18) may be called the structure equations of the vacuum on the
brane.
5III. CLASSES OF VACUUM SOLUTIONS ON THE BRANE
The system of structure equations (14)-(15) is not closed until a further condition is imposed on the functions U and
P . By choosing some particular forms of these functions several classes of static vacuum solutions can be generated in
the framework of the brane world model. As a first case we consider that the dark radiation U and the dark pressure
P satisfy the constraint
2U + P = 0. (19)
Then Eq. (14) takes the form
dP
dr
= −4P
r
, (20)
with the general solution given by
P =
P0
r4
, U = − P0
2r4
(21)
where P0 is an arbitrary constant of integration. Eq. (15) immediately gives the dark mass as
Q =
3αP0
2r
+Q0, (22)
where Q0 is a constant of integration. Therefore the metric on the brane is
eν = e−λ = 1− 2GM +Q0
r
− 3αP0
2r2
. (23)
This form of the metric has been first obtained by Dadhich et al [8].
A second class of solutions of the system of equations (14)-(15) can be obtained by assuming that
U + 2P = 0. (24)
Then Eq. (14) is transformed into an algebraic equation, which gives
Q =
2
3
r − 2GM. (25)
Hence the metric coefficients of the vacuum brane line element becomes
eν = C0r
2, e−λ =
1
3
, (26)
where C0 is a constant of integration and e
ν has been obtained by integrating Eq. (11). For this class of solutions
the projections of the Weyl bulk tensor are given by
U = −2P = 2
9αr2
. (27)
In the case of a vanishing dark radiation, U = 0, which also implies a vanishing dark mass Q = 0, the dark pressure
P satisfies a Bernoulli type equation, given by
dP
dr
+
3P
r
+
P
(
GM + αr3P
)
r2
(
1− 2GMr
) = 0, (28)
with the general solution
P =
1
r3
(
C1
√
1− 2GMr − αGM
) , (29)
where C1 is an arbitrary constant of integration. Eq. (11) gives ν
′ = −2P ′/P − 6/r, or exp (ν) = C2/P 2r6, where C2
is an arbitrary constant of integration. Hence for U = 0 the metric tensor components are given by
eν = C2
(
1− 2GM
r
)[
C1 − α
GM
(
1− 2GM
r
)−1/2]2
, e−λ = 1− 2GM
r
. (30)
6Since α/GM is very small, for a zero dark radiation, U = 0, the deviations from the Schwarzschild geometry are
very small. The standard general relativistic result is recovered for α→ 0, which gives C21C2 = 1.
Next we consider the case of a vanishing dark pressure P = 0. The dark radiation and the dark mass can be
obtained by solving the following system of coupled differential equations, which immediately follows from Eqs. (17)
and (18):
dq
dθ
= µ− q, (31)
dµ
dθ
= 2µ
3− 6q − µ
3 (1− q) . (32)
By eliminating µ between Eqs. (31) and (32) we obtain the following second order differential equation for the
function q:
3 (1− q) d
2q
dθ2
+ (13q − 3) dq
dθ
+ 2
(
dq
dθ
)2
+ 2q (7q − 3) = 0. (33)
By means of the successive transformations dq/dθ = 1/v, v = w (1− q)−2/3 equation (33) can be transformed to
the following, Abel type, first order differential equation:
dw
dq
− 13q − 3
3
(1− q)−5/3 w2 + 2q (3− 7q)
3
(1− q)−7/3 w3 = 0. (34)
It is a matter of simple calculations to check that Eq. (34) has a particular solution of the form:
w = −1
q
(1− q)2/3 . (35)
By introducing a new variable η = (1− q)−1/3, q = 1− η−3, Eq. (34) can be further transformed to
dw
dη
− 10η
3 − 13
η2
w2 +
2
(
η3 − 1) (7− 4η3)
η3
w3 = 0. (36)
Therefore we have reduced the problem of the integration of the gravitational field equations for the vacuum on
the brane in the case of a vanishing dark pressure term, P = 0, to the problem of the integration of an Abel type
equation. However, Eq. (36) does not satisfy the standard integration conditions for Abel type equations [15], and
an exact analytical solution of this equation seems to be difficult to obtain. Hence, in order to find some explicit
solutions for the vacuum gravitational field on the brane we have to use some perturbative methods.
By using the Laplace transform and the convolution theorem, the differential equation (33) is equivalent to the
following integral equation,
q (θ) =
∫ θ
θ0
F (θ − x)
[
3q
d2q
dx2
− 13q dq
dx
− 2
(
dq
dx
)2
− 14q2
]
dx+ q0 (θ) , (37)
where
F (θ − x) = 1
9
[
e2(θ−x) − e−(θ−x)
]
, (38)
q0 (θ) = A1e
−θ +A2e
2θ, (39)
and we denoted A1 = [3q (θ0)− µ (θ0)] exp (θ0) /3 and A2 = µ (θ0) exp (−2θ0) /3. θ0 = ln r0 is an arbitrary point, like,
for example, the vacuum boundary of a compact astrophysical object, in which the functions q(r) and µ (r) take the
values q (r0) = [2GM +Q (r0)] /r0 and µ (r0) = 3αr
2
0U (r0), respectively.
The solution of the integral equation (37) can be easily obtained by using the method of successive approximations,
or the method of iterations. In this way we can generate the solution to any desired degree of accuracy. Taking as
7an initial approximation the general solution of the linear part of the differential equation (33), the general solution
of the integral equation (37) can be expressed in the first, second and mth order approximation, m ∈ N , as follows:
q1 (θ) =
∫ θ
θ0
F (θ − x)
[
3q0
d2q0
dx2
− 13q0dq0
dx
− 2
(
dq0
dx
)2
− 14q20
]
dx+ q0 (θ) , (40)
. . .
qm (θ) =
∫ θ
θ0
F (θ − x)
[
3qm−1
d2qm−1
dx2
− 13qm−1dqm−1
dx
− 2
(
dqm−1
dx
)2
− 14q2m−1
]
dx+ qm−1 (θ) , (41)
q (θ) = lim
m→∞
qm (θ) . (42)
The zero’th order approximation to the solution of the static spherically symmetric gravitational field equations in
the vacuum on the brane is given by
eν =
C0√
U
= C0
√
α
A2
, (43)
e−λ = 1− A1
r
−A2r2, (44)
U =
A2
α
, (45)
where C0 is an arbitrary constant of integration.
The first order approximation to the solution is given by
eν = C0
√
αr0
2
√
r
A2 (r0 − r) [A1 +A2r20r +A2r0r2]
, (46)
e−λ = 1 +
A2r
2
0
[
(4/5)A2r
3
0 +A1
]
r
− 3A1A2r − 2A2
(
2A2r
2
0 −
A1
r0
)
r2 +
6
5
A22r
4, (47)
U =
2A2 (r0 − r) [A1 +A2r0r (r0 + r)]
αr0r
. (48)
Therefore the general solution to the static gravitational field equations on the vacuum brane can be obtained in
any order of approximation.
IV. STATIC VACUUM BRANES ADMITTING A ONE-PARAMETER GROUP OF CONFORMAL
MOTIONS
In the present Section we are going to consider a special class of static vacuum brane solutions, which have as a
group of admissible transformations the conformal motions (homothetic transformations).
For a spherically symmetric and static vacuum on the brane the assumption of the existence of an one-parameter
group of conformal motions requires that the condition
Lξgµν = ξµ;ν + ξν;µ = φ (r) gµν , (49)
holds for the metric tensor components, where the left-hand side is the Lie derivative of the metric tensor, describing
the vacuum brane gravitational field, with respect to the vector field ξµ, and φ (r) is an arbitrary function of the
8radial coordinate r. We shall further restrict the field ξµ by demanding ξµuµ = 0. Then as a consequence of the
spherical symmetry we have ξ2 = ξ3 = 0. This type of symmetry has been intensively used to describe the interior
of neutral or charged general relativistic stellar-type objects [16]. With the assumption (49) the gravitational field
equations describing the spherically symmetric static vacuum brane can be integrated in Schwarzschild coordinates
and an exact solution can be obtained. Moreover, the requirement of the conformal invariance of the static brane
uniquely fix the functional form of the projections of the bulk Weyl tensor components U(r) and P (r).
Using the line element (7), the equation (49) explicitly reads
ξ1ν
′
= φ, ξ0 = C¯ = constant, ξ1 =
φr
2
, λ
′
ξ1 + 2
dξ1
dr
= φ. (50)
Equations (50) have the general solution given by [16]
eν = A2r2, φ = Ce−λ/2, ξµ = C¯δµ0 + δ
µ
1
φr
2
, (51)
with A and C arbitrary constants of integration.
Hence the requirement of the existence of conformal motions imposes strong constraints on the form of the metric
tensor coefficients of the static vacuum brane. Substituting Eqs. (51) into the field equations (8)-(10) we obtain
1
r2
(
1− φ
2
C2
)
− 2
C2
φφ
′
r
= 3αU, (52)
1
r2
(
1− 3 φ
2
C2
)
= −α (U + 2P ) , (53)
1
C2
φ2
r2
+
2
C2
φφ
′
r
= α (U − P ) . (54)
We can formally solve the field equations (53) and (54) to express U and P as
U =
1
3α
[
4
C2
φφ′
r
− 1
r2
(
1− 5
C2
φ2
)]
, (55)
P = − 1
3α
[
2
C2
φφ′
r
+
1
r2
(
1− 2
C2
φ2
)]
. (56)
With the use of the Eqs. (52) and (55) it follows that the function φ satisfies the first order differential equation
3
C2
φφ′ =
1
r
(
1− 3
C2
φ2
)
, (57)
with the general solution given by
φ2 =
C2
3
(
1 +
B
r2
)
, (58)
where B > 0 is a constant of integration. Therefore the general solution of the static gravitational field equations on
the brane for space-times admitting an one-parameter group of conformal motions is given by
eν = A2r2, e−λ =
1
3
(
1 +
B
r2
)
, (59)
U =
1
9αr2
(
2 +
B
r2
)
, (60)
P =
1
9αr2
(
4B
r2
− 1
)
. (61)
In the case B = 0 we recover the solution given by Eqs. (26), satisfying the condition U + 2P = 0. For this case
the function φ = C/
√
3 is a constant.
9V. HOMOLOGY PROPERTIES OF THE STATIC GRAVITATIONAL FIELD EQUATIONS IN
VACUUM ON THE BRANE
Let us assume that a solution of the field equations (8)-(11) is known. Then it seems reasonable to require that a
family of solutions should exist, whose individual members are related by more general transformations of the form
r → r¯ (r), U → U¯ (U), P → P¯ (P ) and Q → Q¯ (Q) [18]. We shall call a set of solutions of the vacuum gravitational
field equations on the brane related by transformations of this form a homologous family of solutions.
In order to obtain the homology properties of the structure equations Eqs. (14) and (15), it is necessary first to close
the system of equations. We shall do this by assuming that the dark pressure P and the dark radiation U terms are
related by an arbitrary functional relation P = P (U). Then, by denoting γ (U) = P (U) /U and dP/dU = P ′(U) = cs,
the basic equations describing the vacuum gravitational field on the brane take the form
dU
dr
= −γ (U)U
1 + 2cs
[
1 + 2γ−1 (U)
] {
2GM +Q+ αr3 [1 + 2γ (U)]U
}
+ 6r − 6 (2GM +Q)
r2
(
1− 2GMr − Qr
) , (62)
dQ
dr
= 3αr2U. (63)
A system of ordinary differential equations
dyk
dx
= fk (x, y) , k = 1, 2, ...,m, (64)
with y =
(
y1, y2, ..., ym
)
is invariant under the action of the infinitesimal generator X = ζ (x, y) ∂∂x + η
k (x, y) ∂
∂yk
if
and only if [L,X] = rX, where [] denotes the Lie bracket, L = ∂∂x + f
k ∂
∂yk and r = L (ζ) [17], or, in explicit form [18]
∂ηk
∂x
+ f j
∂ηk
∂yj
− fk ∂ζ
∂x
− fkf j ∂ζ
∂yj
= ζ
∂fk
∂x
+ ηj
∂fk
∂yj
, k = 1, 2, ...,m. (65)
In the particular case where X generates quasi-homologous transformations of the form x→ x¯ (x), yj → y¯j (yj)we
have ζ = ζ (x) and ηj = ηj
(
yj
)
. As a result Eq. (65) becomes
dηk
(
yk
)
dyk
− dζ (x)
dx
= X
(
ln
∣∣fk∣∣) , (66)
with no sum over k.
To analyze the homologous behavior of the Eqs. (62) and (63) with respect to quasi-homologous transformations
involving a general functional dependence of the physical parameters, r = r¯ (r), U = U¯ (U), P = P¯ (P ) andQ = Q¯ (Q),
we shall investigate the group of transformations generated by the infinitesimal generator
X = ζ (r)
∂
∂r
+ η1 (U)
∂
∂U
+ η2 (Q)
∂
∂Q
. (67)
As applied to the case of Eqs. (62) and (63), Eqs. (66) give
dη1 (U)
dU
− dζ
dr
= ζ (r)
∂
∂r
ln


[
1 + 2γ−1
] [
2GM +Q+ αr3 (1 + 2γ)U
]
+ 6r − 6 (2GM +Q)
r2
(
1− 2GMr − Qr
)

+
η1 (U)
∂
∂U
ln
{
γU
[
1 + 2γ−1
] [
2GM +Q+ αr3 (1 + 2γ)U
]
+ 6r − 6 (2GM +Q)
1 + 2cs
}
+
η2 (Q)
∂
∂Q
ln


[
1 + 2γ−1
] [
2GM +Q+ αr3 (1 + 2γ)U
]
+ 6r − 6 (2GM +Q)(
1− 2GMr − Qr
)

 , (68)
dη2 (Q)
dQ
− dζ (r)
dr
= 2
ζ (r)
r
+
η1 (U)
U
. (69)
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In Eq. (69) the variables can be easily separated, leading to general expressions for the functions ζ (r), η1 (U) and
η2 (Q) of the form
ζ (r) =
a
r2
+ br, η1 (U) = (c− 3b)U, η2 (Q) = cQ+ d, (70)
where a, b, c, d are separation and integration constants, respectively. Substituting in Eq. (68) gives the following
consistency condition for the coefficients a, b, c, d and for the functions γ (U) and cs:
4a
r3
+ b = (c− 3b)U
(
γ′
γ
− 2c
′
s
1 + 2cs
)
− a
r4
2GM +Q
1− 2GMr − Qr
+
1
r
(d− 2bGM) + (c− b)Q
1− 2GMr − Qr
+
a
r2
3α
(
1 + 2γ−1
)
(1 + 2γ)Ur2 + 6
(1 + 2γ−1) [2GM +Q+ α (1 + 2γ)Ur3] + 6r − 6 (2GM +Q) +(
1 + 2γ−1
) [
3αb (1 + 2γ)Ur3 + cQ+ d
]
+ 6br − 6 (cQ+ d)
(1 + 2γ−1) [2GM +Q + α (1 + 2γ)Ur3] + 6r − 6 (2GM +Q) +
(c− 3b)U −2γ
′γ−2
[
2GM +Q+ α (1 + 2γ)Ur3
]
+ α
(
1 + 2γ−1
)
(1 + 2γ + 2γ′U) r3
(1 + 2γ−1) [2GM +Q+ α (1 + 2γ)Ur3] + 6r − 6 (2GM +Q) . (71)
Eq. (71) is identically satisfied for a = b = c = d = 0, corresponding to X = 0 (the identity transformation). In the
second case, in order to satisfy the identity (71), we have to take as a first step a = 0. Then we chose d = 2bGM and
c = b. From the general structure of the identity (71) it follows that it cannot be identically satisfied unless γ′ = 0
and c′s = 0, implying γ = P/U =constant and γ = cs =constant. Then in order that (71) to be identically satisfied
we take for b the value b = 1 as the last compatibility condition. Therefore we have obtained the following theorem:
Theorem. The static, spherically symmetric gravitational field equations in vacuum on the brane are invariant
with respect to the group of the quasi-homologous transformations if and only if the dark pressure is proportional to
the dark radiation, P = γU , γ =constant.
The infinitesimal operator generating the group of quasi-homologous transformations on the static brane has the
form
X = r
∂
∂r
− 2U ∂
∂U
+ (Q+ 2GM)
∂
∂Q
. (72)
The quantities (Q+ 2GM) /r and Ur2 (or any two independent functions of them) are homologous invariants.
Hence the homology properties of the spherically symmetric vacuum space-times on the brane are described by the
following homology theorem:
Homology Theorem. If U (r) is a solution of the static, spherically symmetric gravitational field equations in
vacuum on a brane with the dark pressure proportional to the dark radiation, then so also is C2U (Cr), where C is
an arbitrary constant.
VI. DISCUSSIONS AND FINAL REMARKS
In the present paper we have considered some properties of the vacuum exterior to compact astrophysical objects
in the brane world model. The system of field equations can be reduced to two ordinary differential equations, in
three unknowns, whose solution gives all the geometrical properties of the space-time. The system of basic equations
describing the vacuum gravitational field equation on the brane is not uniquely determined and its solution depends
on the functional relation between two unknown functions, the dark pressure P and the dark radiation U . The
symmetry properties of the vacuum brane space-times can uniquely fix the functional relation between these two free
parameters of the model. The requirement that the vacuum on the brane admits a one-parameter group of conformal
motions or a group of homologous transformations uniquely fixes the functional dependence of the free parameters
P and U . The relation between the dark pressure and the dark radiation for the vacuum on the brane admitting a
one-parameter group of conformal motions is of the form 2P + U = (B/α) r−4. On the other hand the invariance
of the field equations with respect to the Lie group of homologous transformations requires a linear proportionality
relation between P and U , P = γU . Once the relation between P and U is known, the general solution of the vacuum
field equations can be found perturbatively.
The Schwarzschild solution is no longer the unique vacuum solution of the gravitational field equations. Moreover,
most of the general solutions we have found are not asymptotically flat and consequently they are of cosmological
nature.
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In order to obtain a manifestly coordinate invariant characterization of certain geometrical properties of geometries,
like for example curvature singularities, Petrov type of the Weyl tensor etc. the scalar invariants of the Riemann tensor
have been extensively used. Two scalars, which have been considered in the physical literature, are the Kretschmann
scalars, RiemSq ≡ RijklRijkl and RicciSq ≡ RijRij , where Rijkl is the Riemann curvature tensor.
For space-times which are the product of two 2-dimensional spaces, one Lorentzian and one Riemannian, subject
to a separability condition on the function which couples the 2-spaces, it has been suggested [19] that the set
C = {R, r1, r2, w2} , (73)
form an independent set of scalar polynomial invariants, satisfying the number of degrees of freedom in the curvature.
In Eq. (73) R = gilgjkRijkl is the Ricci scalar and the quantities r1, r2 and w2 are defined according to [20]
r1 = φABA˙B˙φ
ABA˙B˙ =
1
4
SbaS
a
b , (74)
r2 = φABA˙B˙φ
BB˙
CC˙
φCAC˙A˙ = −1
8
SbaS
c
bS
a
c , (75)
w2 = ΨABCDΨ
CD
EFΨ
EFAB = −1
8
C¯abcdC¯
cd
ef C¯
efab, (76)
where Sba = R
b
a − 14Rδba is the trace-free Ricci tensor, φABA˙B˙ denotes the spinor equivalent of Sab, ΨABCD denotes
the spinor equivalent of the Weyl tensor Cabcd and C¯abcd denotes the complex conjugate of the self-dual Weyl tensor,
C+abcd =
1
2 (Cabcd − i ∗ Cabcd).
In terms of the ”electric” Eac = Cabcdu
bud and ”magnetic” Hac = C
∗
abcdu
bud parts of the Weyl tensor, where ua is
a timelike unit vector and C∗abcd =
1
2ηabefC
ef
cd is the dual tensor, the invariant w2 is given by [19]
w2 =
1
32
(
3EabH
b
cH
c
a − EabEbcEca
)
+
i
32
(
HabH
b
cH
c
a − 3EabEbcHca
)
. (77)
The values of the invariant set {R, r1, r2, w2} for some static spherically symmetric vacuum brane solutions are
presented in the Appendix.
The corrections to the Newtonian potential on the brane have been considered by using perturbative expansions
in the static weak-field regime. The leading order correction to the Newtonian potential on the brane is given by
Φ = (GM/r)
(
1 + 2l2/3r2
)
[1], where l is the curvature scale of the five-dimensional anti de Sitter spacetime (AdS5),
or it can also involve a logarithmic factor [21]. This type of weak-field behavior cannot be recovered in the classes
of solutions we have considered in the present paper. However, this could be possible for models involving a more
precise knowledge of the general behavior of the dark radiation and dark pressure terms.
Appendix
In this Appendix we present the values of the Kretschmann scalars RiemSq ≡ RijklRijkl and RicciSq ≡ RijRijand
some values of the independent set of the scalar polynomial invariants {R, r1, r2, w2} for the exact static spherically
symmetric vacuum brane geometries discussed in the paper.
a)
eν = e−λ = 1− 2GM +Q0
r
− 3αP0
2r2
, (78)
RicciSq =
9α2P0
r8
, RiemSq =
6
[
21α2P 20 + 12αP0 (2GM +Q0) r + 2 (2GM +Q0)
2
r2
]
r8
, (79)
R = 0, r1 =
9α2P0
4r8
, r2 = 0, (80)
12
Re (w2) =
3
[
27α3P 30 + 27α
2P 20 (2GM +Q0) r + 9αP0 (2GM +Q0)
2
r2 + (2GM +Q0)
3
r3
]
4r12
, Im (w2) = 0. (81)
b)
eν = C2
(
1− 2GM
r
)[
C1 − α
GM
(
1− 2GM
r
)−1/2]2
, e−λ = 1− 2GM
r
, (82)
RicciSq =
6α2(
α
GM − C1
√
1− 2GMr
)2
r6
, (83)
RiemSq =
24
[
−4C21G3M3 +
(
α2 + 2C21G
2M2 − 2αC1GM
√
1− 2GMr
)
r
]
(
α
GM − C1
√
1− 2GMr
)2
r7
, (84)
R = 0, r1 =
3α2
2
(
α
GM − C1
√
1− 2GMr
)2
r6
, r2 = − 3α
3
4
(
α
GM − C1
√
1− 2GMr
)3
r9
, (85)
Re (w2) =
3
4
9αC1G
2M2 (2GM − r)
[(
α
GM
)4
r2 + 7
(
α
GM
)2
C21r (r − 2GM) + 4C41 (2GM − r)2
]
(
C1
√
1− 2GMr − αGM
)6√
1− 2GMr r12
−
3
4
G3M3
[
2C21 (2GM − r) −
(
α
GM
)2
r
] [(
α
GM
)4
r2 − 31 ( αGM )2 C21r (2GM − r) + 4C21 (2GM − r)2](
C1
√
1− 2GMr − αGM
)6
r12
,(86)
Im (w2) = 0. (87)
c)
eν = A2r2, e−λ =
1
3
(
1 +
B
r2
)
, (88)
RicciSq =
2
(
2B2 + r4
)
3r8
, RiemSq =
8
(
B2 + r4
)
3r8
, (89)
R = 0, r1 =
2B2 + r4
6r8
, r2 =
4B3 − 3Br4 − r6
36r12
, (90)
Re (w2) =
1
36r6
, Im (w2) = 0. (91)
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